Our aim in this paper is to obtain necessary and sufficient conditions for weighted shift operators on the Hilbert spaces ℓ 2 (Z) and ℓ 2 (N) to be subspace-transitive, consequently, we show that the Herrero question [5] holds true even on a subspace of a Hilbert space, i.e. there exists an operator T such that both T and T * are subspace-hypercyclic operators for some subspaces. We display the conditions on the direct sum of two invertable bilateral forward weighted shift operators to be subspace-hypercyclic.
Introduction
A bounded linear operator T on a separable Hilbert space H is hypercyclic if there is a vector x ∈ H such that Orb(T, x) = {T n x : n ≥ 0} is dense in H, such a vector x is called hypercyclic for T . The first example of a hypercyclic operator on a Banach space was constructed by Rolewicz in 1969 [11] . He showed that if B is the backward shift on ℓ p (N) then λB is hypercyclic if and only if |λ| > 1. The hypercyclicity concept was probabely born with the thesis of Kitai in 1982 [7] who introduced the hypercyclic criterion to ensure the existence of hypercyclic operators. For more information on hypercyclic operators we refer the reader to [2, 4] .
In 1991, Herrero [5] asked for the existence of a hypercyclic operator T such that its adjoint is also hypercyclic, in the same year, Sales [12] constructed such an example.
In 1995, Salas [13] gave necessary and sufficient conditions for weighted shift operators to be hypercyclic or supercyclic and consequently, he found another example supporting Herrero's question. However, that characterization was so complicated; therefore, Feldman [3] found some simpler conditions for the invertable shift case and consequently, he showed that the same conditions hold also for non invertable case but by considering that the negative or positive weights are bounded below.
In 2011, Madore and Martínez-Avendaño [9] studied the density of the orbit in a non-trivial subspace instead of the whole space and called that phenomenon the subspace-hypercyclicity. For the series of references on subspaces-hypercyclic operators see [6, 8, 9, 10] 
2. for all x, y ∈ M, there exist sequeces {x k } ∈ M and {n k } ∈ N such that for all k ≥ 1,
3. for each x, y ∈ M and each neighborhood W for zero in M, there exist z ∈ M and n ∈ N; such that x − z ∈ W , T n z − y ∈ W and T n M ⊆ M.
In the present paper, we follow the line of Sales's proofs [13] and Feldman's proofs [3] to give the main results of this paper. Throught Theorem 2.3 (Proposition 2.6), we display necessary and sufficient conditions for an invertable bilateral forward (backward) weighted shift on a Hilbert space ℓ 2 (Z) to be a subspace-transitive operator. Then, Theorem 2.4 (Proposition 2.7) shows that the same conditions still hold for non invertable bilateral forward (backward) weighted shifts but under an extra condition. Consequently, we show that the Herrero question [5] still holds for subspace-hypercyclic operators; i.e, there is an operator T such that both T and its adjoint are subspace-hypercyclic for some subspaces; however, we dont know whether they are subspace-hypercyclic for the same subspace or not. Also, we characterize the direct sum of bilateral forward weighted shifts that are subspace-hypercyclic in terms of their weighte sequences. Finally, we characterize unilateral backward weighted shift operators that are subspace-hypercyclic in term of their weight sequences.
Main results
All subspaces M in this section are supposed to be topologically closed. We will suppose that F = {m r : r ∈ N and e mr ∈ Schauder basis for M} The next two Theorems give necessary and sufficient conditions for a bilateral weighted shift operator on the Hilbert space ℓ 2 (Z) to be M-transitive.
Let T be the bilateral forward weighted shift operator with a weigh sequence {w n }, then T (e r ) = w r e r+1 for all r ∈ Z. Let S be the right inverse (backward shift) to T and be defined as follows: S(e r ) = 1 wr−1 e r−1 . Observe that T Se r = e r for all r ∈ Z. If T is invertable then
The proof of some results in this section follow the lines of [13] and [3] . 
Proof. Let T be an M-transitive operator, then by Proposition 1.4 there exist a vector x ∈ M such that for 0 < ǫ < 1
Also one can find a large n; n > 2q, such that T n M ⊆ M and
Inquality (1) implies that |x mj | > 1 − ǫ if |m j | ≤ q and |x mj | < ǫ otherwise. Since n > 2q inquality (2) implies that for |m j | ≤ q
It follows that
Also inquality (2) implies that x mj −n (T n e mj−n ) − e mj < ǫ for |m j | ≤ q. Thus
The proof follows by equation (3) and (4).
Conversely, let δ > 0, q ∈ N, and n be an arbitrary large positive number n such that T n M ⊆ M and mj +n−1 k=mj w k < δ and
for all m j ∈ F with |m j | ≤ q. Let x = |m j |≤q mj ∈F
x j e mj and y = |m j |≤q mj ∈F y j e mj be two vectors in the span of e mj : |m j | ≤ q . Then Proof. To Prove the "if" part , we will verify the M-hypercyclic criterion with D = D 1 = D 2 be a dense subset of M consisting of sequences that only have a finite number of non-zero entries. Let x ∈ D, then it is enough to show that x = e mr ; m r ∈ F . In addition, by Lemma 2.2 it suffices to show that T n k e mi → 0 and S n k e mi → 0. However, that is clear because 
Proof. For "if" part, we will verify Theorem 2.1. Let ǫ > 0, q ∈ N and let δ > 0; by hypothesis there exists an arbitrary large n k ∈ {n k } such that T n k M ⊆ M and m i ∈ F such that m i ≥ 0 and
Let n = n k + m i + q + 1 (which ensure that m p + n − 1 ≥ n k + m i for all |m p | ≤ q). Now, for all m p ∈ F with |m p | ≤ q we have
where C is a constant depending only on q. So, if δ < ǫ C T 2 q , then
Also, with the same choice of n, the condition m i ≥ 0 (which ensure that n− m p > n k − m i + 1) and |m p | ≤ q we have
where b is a lower bound for the negative weights and L is a constant depending only on q.
The converse side follows immediately by Theorem 2.1.
The following Theorem can be proved by the same arguments for proving Theorem 2.3; therefore, we will state it without proof. Let M 1 and M 2 be closed subspaces of the Hilbert space ℓ 2 (Z). Suppose that F 1 = {m r : r ∈ N and e mr ∈ Schauder basis for M 1 } and F 2 = {h r : r ∈ N and e hr ∈ Schauder basis for M 2 } Theorem 2.5. Let T 1 and T 2 be invertable bilateral forward weighted shifts in the Hilbert space ℓ 2 (Z) with a positive weight sequence {w n } n∈Z and {a n } n∈Z , respectively. Let M 1 and M 2 be subspaces of ℓ 2 (Z). Let {n k } be an increasing sequence of positive integers such that 
and
It can be easily shown that the above theorem does not hold just for two operators but for a finite number of invertable bilateral forward weighted shifts. By the same way we can characterize the M-hypercyclic backward weighted shifts since they are unitarily equivalent to forward shifts. 
The following example shows that the Herrero question [5] holds true even on a subspace of a Hilbert space.
Example 2.8. There exists an operator T such that both T and T * are subspace-hypercyclic for some subspaces.
Proof. One can construct a weight sequence {w n } such that {w n } satisfies the conditions of Theorem 2.3 for a subspace M 1 and satisfies the conditions of Proposition 2.6 for a subspace M 2 . If we set T to have the weight sequence {w n }, it immediately follows that both T and T * are subspaces-transitive operators for M 1 and M 2 respectively . 
Then 2B is M-hypercyclic see ( [9, Example 3.7.] We now turn to the unilateral weighted shift operators acting on ℓ 2 (N). Let B be a unilateral backward weighted shift operator with a positive weight sequence {w n : n ∈ N} then B is defined by Be 0 = 0 and Be n = w n e n−1 for all n ≥ 1, and let F be a unilateral forward weighted shift operator with a positive weight sequence {w n : n ∈ N} then F is defined by F e n = w n e n+1 for all n ≥ 0. We will suppose that G = {m r : r ∈ N and e mr ∈ Schauder basis for M}.
It is clear that unilateral forward weighted shifts can not be subspace-hypercyclic operators for any subspaces; therefore, we will characterize only the unilateral backward weighted shifts that are subspace-hypercyclic operators for some subspaces. n k x = 0, since x has only finite numbers of nonzero elements. Let
For the "only if" part, suppose that {n k } is an increasing sequence of positive integers such that {n k } → ∞ as k → ∞ and B n k M ⊆ M for all k ∈ N, and suppose that B satisfies M-hyperccyclic criterion with respect to the sequence {n k } and m i ∈ G such that lim sup n→∞ (w mi+1 w mi+2 . . . w mi+n ) → ∞. Since the set of all M-hypercyclic operators are dense in M, then by Proposition 1.4 one may find x ∈ M and a nonzero n ∈ N such that for any 0 < ǫ < 1
x − e mi ≤ ǫ and B n x − e mi ≤ ǫ
Suppose that x = (x 0 , x 1 , . . .). From the first inquality, it follows that |x i | ≤ ǫ for all i ∈ N; i = m i
From the second inquality, it follows that |x n+mi w 1+mi w 2+mi . . . w n+mi | ≥ 1 − ǫ
From Equations (9) and (10), we get w 1+mi w 2+mi . . . w n+mi ≥ 1−ǫ ǫ . By setting ǫ → 0, we get the result.
We will suppose that G 1 = {m r : r ∈ N, e mr ∈ the Schauder bases for M 1 } and G 2 = {h r : r ∈ N, e hr ∈ the Schauder bases for M 2 } 
